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Some of the equations in the appendix (pages 15 to 24) of this paper
are incorrect for the cases in which values of the parameter k are
negative, which corresponds to the condition that the wing trailing edge
is swept forward. If derivatives for these negative values of k are
desired, the design charts of figures 7 and 8, which are correctly
plotted for both positive and negative values of k, should be used
exclusively.

Neither of the authors of this paper 1s now employed by NASA, and
the original derivations are not available. Apparently some sign errors
were inadvertently introduced by simplifications made to the equations
after the design charts were plotted. Specifically, certain changes in
sign were introduced as a result of the extraction of negative roots
from radical terms. Corrections to specific equations for application
to wings with sweptforward trailing edges (that is, for negative values
of k) are obtainable, however, by comparison with a reintegration of
the formulas for potentials and pressures in tables I and II to detect
possible errors in sign.

NASA - Langley Fleld, Va. ‘ Issued T-T-61
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THEORETICAT. LIFT AND DAMPING IN ROLL OF THIN WINGS WITH

ARBITRARY SWEEP AND TAPER AT SUPERSONIC SPEEDS

SUPERSONIC LEADING AND TRATLING EDGES

By Sidney M. Harmon and Isgbells Jeffreys
SUMMARY

Generalized expressions are obtained by means of the linearized
theory for the surface velocity potentials and the surface-pressure
distributions due to 1ift and roll, the lift-curve slope, and the
damping-in-roll derivative for a series of thin wings. The results are
applicable to wings of arbitrary taper ratio in which the leading edge
1s sweptback, whereas the trailing edge is either sweptback or swept-
forward (including zero sweep angles), and the tips are unyawed with
respect to the free-stream direction. The range of speeds covered is
such that the components of the stream velocity normal to the leading
and trailing edges are supersonic. A further restriction is that the
foremost Mach line from either tip may not intersect the remote half-
wing. The configurations for which the results for the stability deriv-
atives are applicable may be extended by means of the reversibility
theorem. These additional configurations include cases in which the
foremost Mach line from either tip intersects the remote half-wing, pro-
vided the Mach line from the leading edge of the center section inter-
sects the trailing edge, and also wings which have sweptforward leading
edges. .

The results of the investigation are presented in the form of
generalized design curves for rapild estimation of the derivatives.

INTRODUCTION

The 1ift and dempirig in roll as obtained from the linearized
theory of supersonic flow have been reported for various ranges of
supersonic speeds for thin wings having particular plan forms (for
example, see references 1 to 7). In reference 7, generalized curves are
presented for the lift-curve slope CLQ and the damping-in-roll Czp
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for a particular family of tapered sweptback wings for a range of
supersonic speeds for which the wing lies within the Mach cone emanating
from the leading edge of the center section but lies ahead of the Mach
cone emanating from any point along the trailing edge (subsonic leading
edge and supersonic trailing edge).

In the present paper, the range of speeds which is considered in
reference 7 is extended and data are obtained for cases in which & por-
tion of the wing always lies ghead of the Mach cone emanating from any
point along the leading edge (supersonic leading edge) although the
trailing edge is still supersonic. The wings considered have an arbi-
trary taper ratio, leading and trailing edges that are each swept at a
constant angle (including zero sweep angles), and tips that are unyawed
with respect to the free-stream direction. The results of the analysis
for wings with sweptback leading edges and either sweptback or swept-
forward trailing edges are given in the form of generalized equations
for the surface velocity potential and for the surface-pressure distri-
bution for the wing at an angle of attack and in a steady rolling
motion. Generalized equations are also given for these wings for the
derivatives Cr, and CZP. A series of generalized curves is presented,

from which rapid estimations of and C can be made for given
o lp

velues of aspect ratio, taper ratio, Mach number, and leading-edge sweep.
Some illustrative variations of the derivatives with these parameters
are also given.

As shown in references 8 and 9, the theorem of reversibility
applies to the derivatives CL@ and CZP for the wings considered in

this paper (see also reference 10 for Cr., ). Consequently, the results
lod q P

for these derivatives, which are presented for wings with sweptback
leading edges, apply as well to the corresponding sweptforward wings
obtained by reversing the flight direction. In order to present a
complete and systematic analysls, some data pertaining to the present
calculations which have been given in other papers have been incor-
porated herein.

SYMBOLS
x,y,ﬁ rectanguler coordinates with origin at leading edge of

center section (figs. 1 and 3(a))

Xgs¥g, indicates a transformation of origin of x- and y-axes from
leading edge of center section to leading edge of tip

section Cxa =X - %; Ya =y - h on right half-wing)
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vy = T2
a
v undisturbed flight velocity
M free-stream Mach number
B =\ -1
a wing angle of attack
P gngular velocity ebout x-axis, radians
! Mach angle (sin"l % or cot"l B)
A sweep of wing leading edge, positive for sweepback
AR sweep of wing trailing edge, positive for sweepback
m = cot A
h wing semispan
b wing span
c chord at arbitrary spanwise position
Cr root chord
Ct tip chord
A taper ratio (ct/cr)
S wi;g area (EEZS;_i_EZ)
A

cril + A)

aspect ratio ( eb >

cot Amg BA(L + )\)
cot A T BA(LT + ) - IBm(T - A)
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J=A'(1 +1)

p

¢
¢x =

AP

ACp

AC

XY,

L!

Cr,

g

Z

free-stream mass density of air

disturbance-velocity potential on’upper surface of airfoil

pressure difference between lower and upper surfaces of-
alrfoil, positive in direction of 1lift

nondimensional coefficient expressing ratio, of pressure
difference between lower and upper surfaces of airfoil
AP

. >

contribution of wing cut-off at tip to ACy; used with
subscripts o and p to refer to angle of attack and
steady rolling motion, respectively

to free-stream dynamic pressure

forces parallel to X-, y-, and z-axes, respectively
1lift

rolling moment

1lift coefficient (2 L )

L pVQS

It
rolling-moment coefficient (W——)
= Sb
5 P
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Subscripts:
R refers to reverse of a given wing, aobtained by reversing
flow direction
TR refers to trailing edge
" ANALYSIS
Scope

The analysis is limited to wings of vanishingly small thickness
that have zero camber. The results are valid only for a range of super-
sonic speeds in which the components of the free-stream velocity normal
to the leading and tralling edges are supersonic. These conditions are
now commonly expressed by the term "supersonic leading and trailing
edges". The wing configurations considered in the analysis are defined
by the information and sketches given in figures 1 and 2. All the data
obtained in the analysis for the wvelocity potential and pressure distri-
butions and for the derivatives CL, and Czp are applicable to the

wings of the type shown in figure 1. These wings have sweptback leading
edges, although the trailing edges may be either sweptback or swept-
forward. A further restriction is that the Mach waves from either tip
may not intersect the remote half-wing.

It is indicated subsequently that, although the data for the veloc-
ity potentilal and pressure distributions are applicable only to wings of
the type shown in figure 1, the results for Cr, @and CZP nay be

applied also to an additional series of wing configurations by use of
the theorem of reversibility. This additional series of wings is indi-
cated in figure 2. The wings in the figure have supersonic leading and
trailihg edges. In figure 2(a), the leading ‘edge 1s sweptforward. The
configuration shown in figure 2(b) represents an increase in the range
of applicability for BA over that indicated in figure 1. This increase
in the BA range, by means of the theorem of reversibility, is discussed
in the section entitled "Results and Discussion" and corresponds to the
allowance that the Mach waves from a tip may intersect the remote half-
wing, provided the Mach line from the leading edge of the center section
Intersects the trailing edge of the wing.

The orientation of the wing with respect to a body system of coordi-
nate exes used in the analysis is indicated in figure 3(a). The surface
velocity potentials, the pressure distributions, and the stability deriv-
atives are derived with respect to this system. Figure 3(b) shows the

" wing oriented with respect to the stability-axes system. A transforma-
tion of the body system of axes to the stability system of axes
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(references 11 and 5) indicates that to the first order in a, the
derivatives Cr, and CzP have the same value in the stability system

as they do in the body-axes system shown in figure 3(a).

Method

Basic considerations.- The evaluation of the derivatives Cr, and
Czp involves the integration over the wing of the disturbance pressures

caused by an angle of attack o and a steady rolling angular veloclity p,
respectively. TIn the treatment of small disturbances, such as are con-
sidered in this analysis, the disturbance pressures mey be determined
from the well-known relationship

a0y = 22 < P (1)
"1l 2o 1 oV
3 PV 3V

Derivation of ¢ . and AC, dlstributions.- The potential func-
tion ¢ must be determined so as to satisfy the linearized partisl 4if-
ferential equation of the flow and the boundary conditions that are
assoclated with the wing in its prescribed motion.

The methods for deriving the pressure distribution for 1lifting
swept wings of finite aspect ratio of the type considered herein are
extensively treated in the literature (for example, references 1, 2, L,
and 12 to 15). In the present analysis, it was found convenient to
obtain the surface-potential function and the pressure distribution on
the ging by means of the method and dats presented in references 14, 15,
or 16. .

Expressions for $ and ACp distributions.- For purposes of
obtaining generalized expressions for the surface velocity potential and
pressure distributions, a general wing of the type considered in this
analysis is conveniently divided into five individual regions. These
regions are indicated in figure 4 and are defined by means of Mach fore-
cone boundaries which yleld regions in which all points are influenced
by a particular type of disturbance. Thus all points in region 1 are
influenced by a disturbance which is identical to that induced by an
infinitely long oblique wing. Points in region 2 are influenced by a
disturbance which is identical to that induced by a triangular wing.
Points in region 3 experience two types of disturbances; one of these is
the same type as that in reglon 1 and the other results from the effect
of the wing cut-off at the tip which is hereinafter denoted as the tip
effect. Points in region 4 experience disturbances which include all
types associated with regions 1, 2, and 3. Consequently, the formula
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for § or ACp in region 4 expresses the effects of all the disturb-
ances experilenced in regions 1, 2, and 3. When the ¢ or ACp  expres-
sion as determined for region ﬁ is used for any of the regioms 1, 2,

or 3, certain terms become imaginary. These imaginary terms Indicate
the condition that a disturbance type associated with region 4 vanishes
in the other regiomns 1, 2, or 3. The foregoing facts show that the
expression for § or ACp in any of the regioms 1, 2, 3, or 4 is

found simply as the real part of ¢ or ACp as determined for region k.
Points in region 5 are actually influenced by all the disturbances which
affect region 4, together with a new disturbance which arises from the
tip effect assoclated with region 2. However, if the effective forezone
of influence is drawn for points in region 5, that is, if the external
field is canceled by the appropriate area on the wing surface, the
effect of the adjacent half-wing disturbance is seen to be completely
canceled by the tip effect arising from region 1. The reel part of the
expression for ¢ or ACp, as determined for region 5, consequently
does not yield the corresponding formulas for the other regions.

The formulas for ¢ and ACp for the five regions for a general
wing of the type consldered in this analysis are summarized in tables I
and IT for the cases of angle of attack and rolling, respectively. It
is significant to note in table II that in regions 1 to 4 the pressure
distributions caused by an angle of attack are conical (f(v) or f£(vg))
and those caused by steady rolling are quasi-conical (xf(V) or xgf(Vg)).
Examples of the pressure distribution in the chordwise and spanwise
directions for the cases of angle of attack and rolling are given in
figures 5 and 6, respectively.

Derivation of formulaes for Cr, and Czp.— The derivetives Cr,

and Cy;, are basically obtained by integrating over the wing the quan-

tities ACp(x,y) and ACp(x,y) times its moment arm, respectively.
Thus :

%=%f];A%dxdv 2)

1
CZP=WfLACWﬂW (3)

where ACp = % fx eand @y for the angle of attack and rolling cases
are linear functions of « and P, respectively.
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The conical form of ACp for Cr, (£(v) or f£(Va)) and the
quasi-conical form of ACp for Czp (x£(v) or xaf(Vg)), as indi-

cated in table II for regions 1 to 4, make it convenient to employ a
poler integration procedure. In this polar integration procedure, the
variable of integration y or Yy, 1s replaced by the varisble ¥

or WV,, respectively, and the integrations in equations (2) and (3) are
conveniently performed first with respect to x and then with respect
to v or wv,. In some cases in the present analysis, it was found
-convenient to utilize the potential function ¢ to obtain the deriva-
tives Cr, and Czp. Thus, for a lifting wing, the linearized, thin-

airfoil theory ylelds a potential function ¢ which is antisymmetrical
with respect to the xy-plane (z = 0). Furthermore, ¢ is continuous
for 2z = Constant (either z—>+0 or z —3> -0). Consequently, ¢ is
zero et the wing leading edge. Then, because @y is contimuous on the
wing, there results ‘

T.E. T.E.
fL ACde=%~f ¢xd.x=%¢.ﬂ-: (k)

IE. .L.EQ

The total 1ift per unit span along any wing section, consequently,
is proportionsal to the value of the potential at the trailing edge.
Similarly, the rolling moment contributed by any wing section is pro-
portional to the product of the potential at the trailling edge and its
moment arm. Thus the derivatives are .

Crg, = vggh/‘ P dy (5)
JTE
and.
Y
TH

where the integrals are evaluated slong the wing trailing edge. TFor
cases in which the derivatives were expressed in the form of equa-
tions (5) or (6), the potential @z was obtained from table I by

specifying x and y or X, and yg for conditions along the wing
trailing edge.
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RESULTS AND DISCUSSION

Formulas for Cr, and CIP

The formulas for Cr, and Czp are summarized in the appendix.

It may be found from an examination of table II that the pressure dis-
tributions are in generel markedly different for the cases where the
Mach line from the leading edge of the center section intersects the
wing tip and where this Mach line intersects the wing trailing edge.
In order to determine the derivatives Cr, and Czp, however, it is

sufficient to integrate the forces or moments on the wing as determined
for the case in which the Mach line intersects the wing tip. The real
parts of the resulting expressions then also yield the corresponding
derivatives Cr, and CZP .for the case in which the Mach line inter-

sects the wing trailing edge. This fact results from the inherent rule
of supersonic flows that any disturbance cannot propagate ahead of the
Mach aftercone. Then the first case (Mach line cutting tip) may be
converted to the second case (Mach line cutting trailing edge) by cut-
ting off an appropriate rear portion of the wing. This conversion does
not alter in any way the original pressure distribution over the new
wing. Thus, if the. expressions for CL, @and Czp as determined for

the first case are now applied to the second case, certain terms which
arise from disturbances peculiar to the first case become imaginary,
and the remaining terms that are real yield the corresponding expres-
sions for Cr, and Czp for the second case.

Charts for BCr, and BCzP

The results of computations for the derivatives Cr, and ClP

are presented in figures 7 and 8, respectively. The data are shown for
values of taper ratio A from O to 1.0 for values of aspect-ratio
parameter BA from 2 to 20. The range of sweep angles covers values
for sweep-angle parameter B cot A from 1 to .

For constant B, that is, constant M, the curves in figures T
and 8 indicate directly the variation of, Cr, and CZP, respectively,

with sweep for constant values of A and A. In this case the curves
for increasing values of B cot A correspond to decreasing angles of
sweepback for both the leading and trailing edges. Some specific varia-
tions of the derivatives Cr, and Czp with Mach number, aspect ratio,

sweep angle, and taper ratio are shown in figures 9 and 10. The wing
parameters represented in the figures include configurations with
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supersonic and subsonic leading edges and supersonic treiling edges.
The results for the supersonic leading edges were obtained from fig-
ures 7 and 8 of this paper and those for the subsonic leading edges
were obtained from reference 7. (Note that application of the
reversibility theorem to the results of reference T for wings with
subsonic leading edges and supersonic trailing edges will yleld
corresponding results for wings with supersonic leading edges and
subsonic trailing edges.)

The data in these figures show that the manner in which Crq,
and Czp vary with many of the factors depends to an important extent

on the value of the aspect-ratio parameter BA. Figures 7 and 8 show,
for constant Mach number, that when BA is less than approximately 3,
the magnitudes of CL, &and Czp tend to increase with decreasing

sweep angle; however, when BA 1s greater than approximately 3, the
magnitudes of these derivatives tend to increase with increasing sweep
angle. This general trend for values of BA greater than approximately 3
becomes more pronounced as BA is increased. These data indicate alsq
that for values of B cot A greater than approximately 3, the sweep of
the leading and trailing edges for constant BA and A have a very
small effect on BCr, or BCzP.

The foregoing trends may be explained by the relation of the Mach
aftercone which emanates from the leading edge of the center section to
the wing tip. This relationship has en important effect on the contri-
bution of the wing tip region to the derivatives Cr, and Czp. If

the quantity :>

B ot AL AB(L +1)

B + 0 - I

then the Mach line from the leading edge of the center section cuts the
wing tip. This condition yields region 5 in figure 4. If the effective
forezone of influence is drawn for points in region 5, that is, if the
external field is canceled by the appropriate area on the wing surface,
it is seen that the pressure distributions in this region for both angle
of attack and rolling are determined only by the sources in a strip
along the leading edge of the remote half-wing. Because these sources
generally are at a comparatively large distance from region 5, the con-
tribution of region 5 to CLy 1s camparatively small (see fig. 5). In

the case of rolling, these sources at the leading edge of the remote
haelf-wing actually contribute negative demping to region 5 because these
sources have the reverse sign from those on the adjacent half-wing

(see fig. 6). For a given value of B cot A, from geometric considera-
tions, this influence of region 5 in reducing the magnitudes of Clq,

and CZP decreases as the value of BA increases.
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Similarly, from geometric considerations, the influence of region 5
in reducing the magnitudes of CLCL and CZP increases as the value of

the taper matio A increases. This factor contributes to an important
extent to the trend that the maximuim velues of Cr, end CZP occur at

progressively lower values of A as BA decreases (see figs. 9 and 10).

Extensions of CL@ and Clp Results by

Reversibility Theorem

Increased range for BA.- The direct application of the formulas
in the appendix is limited by the restrictions that the leading edge is
sweptback and is supersonic, that the trailing edge is supersonic, and
that the foremost Mach line from either tip does not intersect the
remote half-wing. As noted in the introduction, however, the reversi-
bility theorem for Clq and Clp 1is applicable for all the plan forms
used in the derivation of these formulas. 1In this connection, wing
plan forms of the type shown in figure 2(b) require special attention.
In these cases, the foremost Mach line from either tip intersects the
remote half-wing, that is,

< 4B cot A
BAS T+ 2T + B cot A)

therefore these conditions are outside the validity of the formulas in
the appendix. It can be shown, however, that if this reduced-aspect-
ratio parameter is accompanied by the condition that the foremost Mach
line from the center section intersects the trailing edge, that is

> B cot A
BA= T+ M) (B oot A - 1)

the reverse of the wings shown in figure 2(b) will meet all the condi-
tions for the validity of the formmlas in the appendix. Thus the
values for Cr, and Ci, for wings of the type shown in figure 2(b)

can be calculated from the formulas in the appendix by using the wing
parameters for the reverse of the given wing, and applying the calcu-
lated result to the given wing. If the subscript R refers to the
reverse of the given wing, the parameters to be used in the formilas
are related in the following manner:

BAgR = BA
AR = A
Bmg = -Bmk

kR = ¢ (7)
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Wings with sweptforward leading edges.-" The results for BCLG
and BCyy, which are shown in figures 7 and 8 for wings in which the

leading edges are swept back (positive values for B cot A) can be
applied to wings with sweptforward leading edges (negative values

for B cot A) by use of the reversibility theorem. (See fig. 2 for
applicable wing configurations.) Thus, suppose the sweep-angle parame-
ter is expressed as B cot A where this quantity is negative and where
the reverse of the given wing meets all the conditions for the wvalidity
of the data in figures 7 and 8 as indicated in figure 1; the values

for BCLG and BC),P for the given wing are then obtalned from figures T

and 8, respectively, by choosing a wing for which the relationships
expressed by equation (7) apply. Thus

A B2A cot A(L + ))
B cot AR = TECot A(T - &) - BA(L + &)

BAR = BA

AR = M

where the subscript R refers to the parameters to be used in figures T
and 8.

An illustrative comparison of BCLm and BCzp for wings with

sweptback and sweptforward leading edges is given in figures 11 and 12,
respectively. The data in these figures are presented for a taper ratio
of 0.5, for velues of BA of 2, L4, and 10, and for a range of B cot A
from -5 to 5. The wing parameters represented in the figures lnclude
configurations with supersonic and subsonic leading and trailing edges.

The results for the sweptback leading edges were obtained from
figures 7 and 8 of this paper for the supersonic leading and trailing
edges and from reference T for the subsonic leading edges and subsonic
and supersonic trailing edges. In the case of the subsonic trailing
edges, the results from reference 7 have a limited significance in that
they represent an upper limit for the true values of the derivatives.
The limited signifance of the results for the subsonic trailing edges is
indicated in figures 11 and 12 by means of the dashed portions of the
curves. :

The results for the‘sweptforward wings were obtained by use of the
reversibility theorem. In this connection, it should be noted that the
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reversibility theorem for CLa and Clp 1s applicable even for
subsonic leading and trailing edges (reference 9).

The comparison for the wings with sweptback and sweptforwaid
leading edges in figures 11 and 12 indicates that the curves for BCLq,

and BC],P for M = 0.5 are, in general, very nearly symmetricel with

respect to the ordinate axis. The significance of the symmetry of the
curves 1s better visualized when it is noted that, for a specified A4,

A, and A, if the sweep angle of the leading edge 1s reversed in sign
to -A, there is also an alteration in the sweep angle of the trailing
edge, the magnitude of which is dependent on the various wing parameters.
Consequently, the near symmetry of the BCr, and BCzP curves in Tig-

ures 11 and 12 for A = 0.5 indicates that for a given A and A,
if A 1is reversed in sign, the values for the derivatives Clg

and Czp are, in general; only slightly changed even though the sweep

angles of the tralling edges of the two wings may be markedly different.
For the case of an untapered wing, the theorem of reversibility indi-
cates that CLG and Czp are unchanged by reversing the signs of A

and D s that 1s, the corresponding curves in figures 11 and 12 would

be identically symmetrical with respect to the axis of ordinates for
all values of BA.,

CONCLUDING REMARKS

Generalized expressions have been obtained by means of the lin-
earized tueory for the surface velocity potentials and the surface-
pressure distributions due to lift and roll, the lift-curve slope, and
the damping-in-roll derivative for a series of thin wings. The results
are applicable to' wings of arbitrary taper ratio in which the leading
edge is sweptback, whereas the trailing edge is either sweptback or
sweptforward (including zero sweep angles), and the tips are unyawed
with respect to the free-stream direction. The range of speeds covered
was such that the components of the stream velocity normal to the
leading and trailing edges were supersonic. A further restriction is
that the foremost Mach line from either tip may not intersect the
remote helf-wing.

The configurations for which the results for the stability deriva-
tives are applicable may be extended by means of the reversibility
theorem. These additional configurations include cases in which the
foremost Mech line from either tip intersects the remote half-wing,
provided the Mach line from the leading edge of the center section
intersects the trailing edge, and also wings which have sweptforward

Bt o T S DU U O VA e i e e e
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leading edges. The results of the investigation were presented in the
form of generalized design curves for rapid estimation of the
derivatives.

A significant result of the investigation was that for constant

Mach number when A.VM? -1 (where A 1is aspect ratio and M is Mach
number) was less than approximately 3, the magnitudes of the lift-curve
slope CL, @and the demping-in-roll derivative Czp tended to increase

with decreasing sweep angles; howe%er, when AJJM? -1 was greafér than
approximately 3, the magnitudes of these derivatives tended to increase
with increasing sweep angle.

Langley Aeronautical Laboratory
National Advisory Committee for Aeronsutics
Langley Air Force Base, Va., February 23, 1950
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APPENDIX

SUMMARY OF FORMULAS FOR Cr AND Ci

The following formulas for Cr, and Czp refer to wings which

have an arbitrary taper ratio, leading and trailing edges that are each
swept at a constant angle (including zero sweep angles), and tips that
are unyawed with respect to the free-stream direction. These configura-
tions are limited by the conditions (see fig. 1)

Bcot A 21

‘B cotA.EE‘ 21

and

> 4B cot A
BA2TT +ﬁ(1 + B cot A)

Note that the trailing edges may be either sweptforward or sweptback.
In the formulas, care must be used to preserve the correct sign of the
terms involving radicals. For example, if a <0 and b <O, then ‘

(& = (0P Je][o] = +f]a P

It may be of interest to mention that in computing with the formulas,
it was found that if seven significant figures were used, relisable
results were obtained.

Formulas for CL@

If the Mach line is coincident with the leading edge, that is,
B cot A = l there result:
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N For tapered wings:

o4t ok < 1 i} a1
T ™ {(1 e D e -
Mk - 1) . k -1 .
(- -0 E+1) k(1 -2k +1)
Ek - Mk + l_)jle 1 2k + M1 - 3k) (a1)

2\2(1 - 2)2(k + L)k(k + 1) €% T Bk —A(k + 1)

™ For untapered wings; A = 1; km' = 1::

1)2 :
CLa=erQ'B|El+2A) COS'A'+1+W_%+%A'@:] 42)

When the Mach line is behind the leading edge, that is,

!
(1 +A)(m* -1)°

there result:

BcotA>1, and if A' <

\ For tapered wings:

1 [E&n’k+A'(k-lﬂ2}_ -1 1

= cos

Pha. - ‘nB\IE'z - 11 oat(x2 - 1) = | m’

£ C - = (cos'l o S cos'l Mem'(A' - 1) - Ak + 3l) -
hﬂ.'

Gz + 1) - 1) M+ A0k - 1)

1 - 1 ' 1
ol Mm (1oAY + ATk +1)

o
(i - e - D)) Lot 23 Yem' - A'(k - 1)

LA (x - 1)  \k(m' + 1)

2 1 1 ' -1
1k 4+ AY(L + 3k T _ 1 1 Mamt(ar - 1) 4+ A'(k - 1)
= ;:-A'(](S ++1) i k(ﬁm' + 1) °°° Wim' + A'(3k + 1)

(A3)
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\ For unswept leading edges or for unswept trailing edges; k = » or O:

' 2 4 N\ =x A2 aAk-2a-7
—nBl—)..{E_ons (1‘5)'511““'”:%1}(1'_”]”8 2 A
(2 - x) os~L _J - 2% Al
\ﬂ:+u(1->.):| 2(2 - %) )
~ For untapered wings:
Cr,, = 4 -mlz(m'z_E)COS-J‘—J;-—————m'2 +
nA'B\l;'e Ty @E-1) I
En_(j—rg'e 11'1' -2) A'mzl cos™t BL = A'fm' -1,
. m' - 1 m
s aPETT w1, myA'[2n' - A'(n' - 1)
2’n—1———'+1 A' +m 2,]]17.'-1
(45)

Yam?*

¥ A>T @ -1

\ For tapered wings:

1 f[lrm'k + A (X - 1):|

Cr. = E g1 1
La, Bmgle - ll 2A'(k2 - l) I_
o2 _ 1 e x [t - A (k - 12]2 M 1
S Tm'| ~ A (X - 1) \k(km® + 1)

Vim' - 1)(km' + 1)
(46)
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\\\“ For unswept leading/edges or for unswept trailing edges; k = or O:

R S 22
R e ey

N For untapered wings; A = k = 1:

oL, = by _ m'z(m‘2 - 2) cos kL _ ___ELE__ .
xBAN@'2 - 1 (m'® - 1) m'

Vm'e -1
m'2 m' -2
Tt A'm'| x (48)
m -

Formulas for Czp

(A7)

If the Mach line is coincident with the leading edge, that is,
B cot A =1, there result:

For tapered wings:

BJ31:3(1 - k)3 + 2523(1 - k)2(9k - 83]
= +
7’P (l _ k)3

Eak3(1 - k) (15K2 - 32k + 12) + 12KH(K2 + u:[

@ -x)3 -

Wa3(1 - x)(23%2 + 10k + 2) + l;kJQ(lleE - 5k - 1] ‘
+
35

' - L
4[-12k25(29k - 1) + 240K3 | J(lﬂlkJ)r o

3% 321 + 5)3

(continued on next page)
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8]&5(]::2 + u) [ o1 J(L - X) + 2|
3 2k
J
8k3(13k2 + 2) [ -16 ] . 510 ( X l)3/2 )

C. (_)3/2

3 - 2 - —_—
{Ex(hlk + 63k° + 11k - 11) - Jk(13k° + 29k EI Vo 2 1)2

l:J2(3k2 + 3k + 20) + WA (K2 - 21k - 2) + 4A2Kk(23k + 3] <

6h(x + 1)
E ’Ji(é ) XN%‘ * %(g" + i)z cos-1 - gﬂ . x3/2,\7§/2 ]
5 () W52 ‘g(_‘(m) AT/2F } (49)

For unswept leading edges or' for unswept trailing edges; k =o or O:

O 1 (1393 + 65632 - 3427 + 540)| [k ’ -J
lp = 3:B(1 + ) 10502

& cortt (22205 >} o ﬂ{ (B

2
37 +m+92x T 1J-2)
I: :”: “”” 8(2 ) cos J+2>:| *

\Bn3/255/2 o m5/253/2 , w2
12 5 T

(A10)

A ——— e e ———
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For untapered wings; A = k = 1:

G, - 16| 8 (A" +1)2(13a"® - 2oar +13) 1A' -1,
p = Ea3| 35 768 A +1 " \
VT 33 wa® et 37 (a1
2688 T 1920 " 5760 ~ 2688, _
When the Mach line is behind the leading edge, that is, B cot A > 1,
and 1if A' < 1= ;;?‘E: Ty? there result:

For tapered wings:

128043 [0~ w2(32 + 1) 2

2 (o0} -L! +
331 + M) @2 - 1)3/2(1 - ¥?)3 n

1
Cip =3

128m 3(1 + X2 - 2n'@2)
3633(1 + AL - ¥)°(m2 - 1) (@ - 1)

12600 [ + w202 + 3)] Eos-l L
3033(1 + A) (1 - ¥2)3(m'3x2 - 1)3[2 T

os-L 20’k - J(m'k -J:l ) {Jh(l ) k)h[gm;%;é + 123m Mk + 5) +

om'k
n'3Ke (172 + 22k + 43) + m'2k(-5k3 - 48K® + 3k + 2) -
m' (10k3 + 45k° + 12k + 5) - (5k2+1hk+5z_|+
166m'33(1 - 1_<;)3|§m'51~:lL + 83tk + 2) + w332 + 1hk + 5) +
n'@k(-3k3 - 8% + k - 6) - m'(6Kk3 + T2 + 8k + 3) -
(3k2 + 2k + 3] + 32m'2K2J2 (1 - k)3[12k3m b okni3(3 £ k) +

(continued on next page)
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302k (k2 - Tk - 6) + 3m' (22 - 5k - 1) -3(l-kﬂ+

256m* 3k35(1 - k)?EZm'3(1 -k) +mP%k(2 -k - K3) 4+

m'(-2k% + k + 1) + (1 - kﬂ + 256k m ¥ atn 1 + w307 - x) +
k2m'3(-9k2 - 10k + 35) + km'2(3k3 - 32k2 - 5k + 18) +

m' (63 - 37 + bk + 3) + (3K° - 1hk +

]} A cos-1 J(L + k - 2km') + Mim?®

J(1 - k) + L4km'
967T3(L + AM)k(L - k)?(m'z - V(e + 1)3\k(@'k + 1)(m' - 1)

{J”(l + 1:)1‘]:21»1::”111'5 + 12830 (5 - k) + m3IR(ATR - 2ok + 43) +
' 2(5k3 - 48K - 3k + 2) + m'(10K3 - U5KD + 12k - 5) +

(552 - 1k + 53[ + 16km'I3(1 + k)3[8kl"m'5 + 83mHe - k) +
1KPm'3(-3k2 - Lhk +.5) + km'2(3k3 - 8K2 - k- 6) + m'(6k3 - TR +
Bk - 3) + (3k% - 2k + 3:| + 32K°m 237 (1 + k)3[12k
9k2m3(3-k)+3km'2(k2+7k-6)+3m(2k2+5k-l)+

3(1 + k)2:| + 256k3m'37(1 + k)2 Ezm'3(l + k) + xm'2(2 + k - KB) +
m'(2k3 - 3K2 + 1) - (1 + k] + 256KH '”[ékl‘ S Bk + 7)
K21 3( -1 + 10k + 35) + 1m2(-3K3 - 322 4 5k + 18) +

m'(-6k3 - 37k2 - bk + 3) - (-3k2 + 1k +

os=1 Ik - 1 + 2lan') - bian’
3] JL J(L + k) + W’

96%I3(1 + M)k(1 + k)3(m'2 - L'k + 1)3k(m'x + Y’ + iy i
{J3(l k2)2[2k7m'7 + 36 C OS5 - )+ ks - 13) +
~ 2k3mt3(5k2 - ) - 22m2(5K2 - 7) - ! (542 - 3) + 502 - 1)] +

(continued on next page)
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4321 - ¥2)2m* (13k5m'6 - 665m'5 - 33ktm¥ 5 1213w'3 + 272 -
6k’ - T) + 163(1 - ka)kzm‘2|:2k7m'7 + 216 + 39w IR - 3) -
2 4+ 1) + 63n03(2 - k2) + 62 + 1wt (32 - 5) -
(32 - 1)] + 613m3[ BT T - w62 + 7) + WSS + 5) +
by b2 4 17) - 830302 4 2) - Pnr2(1L + 13) + M (62 + 1) +

\/ [k - 3k - 1)] :

24nI3(1 + A)k(m'@ - 1)(1 - ¥2)2(x2m'2 - 1)3

it

For untapered wings; A = k = 1:
Cy, = —ii{[gr“(amra + 6m' +1) + bat3mi(em'® - 1) - 6A2m2(em' + 1) +
P J‘tBA'3

-1 m'(A' - l?
Al + ID.; + Envll-(zm.lh -
192(m' + 1)

dm'3 - 2m'® + 9m') + 8A'3m' (m' - 1)2(m'2@ - 1) - 1242w 3(m' - 1) +

CcOos

bam'3 4 m'll'(Em'2 + 6m' + 5]

ol m' - A'(m' - 1)
4A'm‘3(m' - l)ﬂ o’ +

192(m' - 1)2(m'@ - 1)m'@ -1

ml)-l-( 81[1'2 + )_l_ml - m'6l l N mt)-l-(8 + lOm‘2 31]1',";)

WB@? -1)38 tar 1h(m'® - 1)3

E}A@'(-m‘lL +303 - 302 +m') + A2nr (20t + 30m'3 - 612 -

3m' + 23) + Am'2(-1% + 34m' - 19m'2 + 2m'3 - 3m'¥) + 3W13(-5 -

\/A'm' _A%(m - 1)
2 L
288(m'2 - 1)2(n' - 1)m' + 1

(AL3)

6m'2 - m'3 + 2m'h'ﬂ



NACA TN 211k 23

Y
L+ 2@ - 1)

It A" >

\
AN
AN
N N
N\ b

For tapered wings: N s

o _if1et3lue ol ay]
73 3n33(1 + A)(@'® - 1)3/2(1 - ¥2)3

128k3m (1 + ¥2 - o122 N
3033(1 + M) (1 - ¥2)2(m'2 - 1)(x2m'2 - 1)

128k5m')+E.|. + m'2k2(k2 + 3£| cos"l S -
30I3(1 + A)(1 - k¥2)3(m'2x2 - 1)3/2 o |

{Jl*(l - k)l*l;ukl‘m;u5 + 126530 (k + 5) + 12037 + o2k + 43) +
2 (563 - W8I + 3k + 2) - m' (2063 + bSK2 + 12k + 5) -

(5K + 1hk + 5£| + 16km'33(1 - #)3@%'5 + 83wtk + 2) +
km'3(-312 + 1hk + 5)' + Jkm'2(-3k3 - 8K2 + k - 6) - m'(6k3 + K2 +
8k + 3) - (3k2 + 2k + 3£[ + 32k2m'2J2(;L - 1;)3];:!..9_1{31;:['llL -
9Pm'3(3 + k) + 3m'2(€ - Tk - 6) + 3mr (2R - 5k - 1) -

3(1 - kﬂ + 25613m 33(1 - k)EEcem'3(1 k) +1m2@ -k - KB) +

m'(-2k2 + k + l) + (l - k_)j + 256kl|'mt)+l_§_kh-m:5 + )-l-k3m'l|'("{ _ k) +
k°m'3(-9x2 - 10k + 35) + km'2(3k3 - 32k2 - 5k + 18) + m'(6Kk3 -
32 + Mk + 3) + (32 - 1k +

1
3ﬂ} 9633(1 + Mk(1 - k)3(m'2 - 1)(xm' + 1)3k(km' + 1)(m' - 1)

(A1k)
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For unswept leading edges or for unswept trailing edges; k = » or O:

. L
ST ")P [x(l S W25 - 3) + 631 - M2 - I+
k) + 32(-2 + Bn - 6) = m
) + 3°(-3A° + ]3E1-h(l-x:|dJE-h(l-X)__-| (A15)
For A = 0: ‘
o - 1283wt 1432 - 2@m®
T Smar3(1 - 12)2 (@? - 1)(x2m'2 - 1)
n'2(3k% + 1) - 412 7_1, 1. kl}m’e(k2 +3) - bk cos-1 21
(1 - ¥¥)(m? - ]_)3/2 w1 - k@) (kBm'2 - 1)3/2 k!
| (A16)

For untapered wings; A = k = 1:

2 = -16 {El,h.(am,h. ll-m' 2m,2 + 9111') + 8A!3mt(ml - :|_)2(m'2 - 1) -
P A'3p

12A2m ' 3(m' - 1)2 + hamt3(m' -~ 1)2 ( L
(m ) + ha'm'3(m )] Torm -~ 12@2 - 1) e +
ml)-l»(__3mt)+ + 10m'2 + 8) . mx)-i-(_m|6 + l*_mx)-l- &3.12) o 11 '

h(m® - 1)3 | 1B(m? - 1)3a? -1 m'!

(AL7)
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TABLE I.- GERERALIZED FORMULAS FOR @ DISTRIBUTIONS
4B. cot A
I:cotAzl, [= cotAEl%l;BA Tr s B ot ay (Bee fla- 1ﬂ
v —>y
\\\
R
\\\l,___>y&
2 ‘v
/,’}i’ /\’\\
’l' ,’ \\\
---dach 1ime V¥ 7
x v
Xy
Reglon
(see Formila for @ contributed by a
sketch)
1 Va{mx -
- B2 -1
2 Vo - y) cost x - B ( x4 Bony
- -llzmx ¥) co B(mx-y)+ mx + y) cos ot
1 ™g + Ya(2Bm + 1)
3 |:mxa yea) cos™l m: = 2\/—yya(xa+3ya)(m+1z|
- ¥ - _y)cos_lmxa+ya(2ﬁn+l) _1-mxa+B2m2ya_+h(B2m2-l
SV2= 2 W - Ta Ba(mey - ¥a)
\ X
X BPr?y + h(2%r® + 1
(e, + 20+ 3) con TRt TRV P ROE 1) | e S T )
Bm(mx, + y, + 2h)
Va -1 IXg + Ya(2Bn - 1) + 2h
5 :t\/BQT-_——lEma + Yg + 2h) cos m: ¥y, T en + 2\]-ya.(mxa + By, + 2h)(Bm - IZI




==vs Kach line

hEx - olewinl - - 2 -
—mtq( 1) + yall ;Bn ) + en{3E%" - bm - 8) V"I.(“.,+M.+ﬂ:)(h-lz|

{men .
ckebeh ) Formula for ‘§ contributed by p
1 _P_m - - STl -
2(p%a® - 1) %‘: ﬂEmHy( ﬂ}
b (a (= -pfmenetRo0] .. (e + 72 - 70 - esaR]
2 R D (FEE 1| 3 Wlxﬂiaru-, N - “’41{1% Y *
P [(nc-v)Eu.+r(ﬂ9-E-1)+a:(nﬂnﬂ-lﬂ . wTa + yg(Ema + 1)
3 < - LA B : 2 ‘ ooa “:: - Ja "
X _ . _ .
my (m + 1) + 3y, :B-w.(nu+1) En(rt 1)m}
g[ 1 {_(u:.-r.)Er;-y.(zaE-E-l)-a(#-lﬂE._l-x_+y,(am+1) 1 e + Bafy, + n(maf - 1)
z‘(ﬁ'l)m. ® Ba - ¥a - oo iz, - 7,) *
,(lx.+ﬂ1+:.)[n.+7&(n19n°-1)+gunp?h] _l,,n+32m97&+h(39.9+1)
5 B it Bm, 5, v &
-, (iPm + 1) + 7,{e0%d + o - 3) + En{F°af - 1)
. 3 \!-u_yn;:x+33-niih+1$}-
Ta +-ul\'.=x‘a-nﬂ..ﬂ,_2+a-(x.-nﬂq_)-uﬂ(nﬁ.‘-l))
? F"lﬂ+ﬂzn31.7.+m.(#+l)+ﬂv.(3fn=-1)+yuﬂ(23en9-l)+h3'3-5hﬂ 1%+ Fa(eBm - 1) + 2h
= - 1)372L S con g tTa v @t
5

SNAGA

HITS ML VOVH

gc

.



TANE II.- GENERALIZED FORMULAE FOR ACp DISTRIBUTIONE CAUSED BY COEBYANT AMILE OF ATTACK AWD BY STEATY ROLLIRG

EmtAEl; IBmthﬁl?l}m? 48 oot A (Boo fig. 1.Z|

v

---- Magh lino

(T +%X){(1 +B cot A)

Reglion

€= Pormela for &p contribnbeﬂ. by @ Formula for ACp contribated by p
eketch)
) b s (PPey - 1)
v(:aﬂm2 -1)

xW{B%® - 1)

Ao (BPelv - )
(B%E - 1) (Mpt)l?

¥

R.gion 2 ( )c:

* (s

(MP)Elgi.an 2 +(Mpb)

_1na—y‘(l-2m)+eh

_—Lﬂ,:{in,_ + BPofy, + n(FPa® + l___l cos™l 22 -;i'(i ;.2-;.-15)1; =

=7(Beml
Eh\/-ru_ -1)(mxa+]hya+ah°]

e
' e -[mxy + 7o (2Bm + 1]
(Mpt)a"dnz;a"lw X, - g
(m]?t)p”‘v(nele-l)

SNAGA

[E::,L - - b(ra? - 1) | cos™l [+ Y“Eﬁ': + )] - Ofw/-my,(z, + B }(Em + 1)}

ftle NI VOvN
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---------- L naicates Mach lines
(a) Positive A and ATE' (b) Positive A and negetive Aqp.

Figure 1.- Wing configurations to which all @ and AC, distributions

and CLa and CZP derivatives are applicable. Supersonic leading

and tralling edges; streamwise tipas. Note that Mach line from
leading edge of center sectlon may intersect either +ip or trailing
edge and also that Mach line from either tip does not intersect

remote balf-wing. B cot A 2 1; |B cot Apg |2 1;

kB cot A
BA > (T + MJ{L + B cot A)

1TTS NI VOVN



(e) Negetive A and Aqg.

Leading edqe—7

WIS NI VOVN

(b) Mach line from either tip Inter-
) gects remote half-wing on
condition that Mach line from
leading edge of center section
intersects wing trailing edge.

Fig;ﬁre 2.- Additional wing configursticns to which values for CLCI.

and CIP may be extended by use of theorem of reversibllity.

| B cot Al 2 1; BA<

4B cot A > DB cot A

T+ )1+ Bcoth) (1 +A(Bcoth - 1)

€
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) NACA TN 211k
V <
(a) Notation and body axes used in analysis.
Y

< z» -

oc
oo N N AN . T
V L X €
£

Stabih 1y axes

(b) Stability axes. (Corresponding body axes dashed for comparison.)

Figure 3.- System of axes and assoclated data.
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Mach lines

Figure 4.- Regions of similar disturbances for velocity potential
and pressure distributions.
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Figure 5.- Chordwise and spenwise pressure distributions for angle
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(a) Taper ratio A = O.

igure T.- Variation of BCLa with sweepback-angle parsmeter for °

various values of aspect-ratio parameter and taper ratio.
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(b) Taper ratio A = 0.25.

Figure T7.- Continued.



NACA TN 211k

38

)

.
/

—

\

|

7.8

74|

70l

621

\58\v

34

(c) Taper ratio A = 0.50.

Figure T.- Continued.
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(4) Taper ratio A = 0.75.

Figuie T.- Continued.
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Figure T.- Concluded.

(e) Taper ratio A = 1.0.
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(a) Taper ratio A = O.

Figure 8.- Variation of BC; with sweepback-angle parameter for
P .

various values of aspect—ratio parameter and taper ratio.
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(b) Taper ratio A = 0.25.

Figure 8.- Continued.
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(c) Taper ratio A = 0.50.

Figure 8.- Continued.
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(d) Taper ratio A = 0.75.

Figure 8.- Continued.
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{e) Taper ratio A = 1.0.

" Pigure 8.- Concluded.
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Figure 9.~ Scme 1llustrative varlatlions of lift-curve slope CLa

with Mach number, aspect ratio, sweep angle, and taper ratio.
(Dashed. portions of curves indicate subsonic leading edges.)
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Figure 10.- Some illustretive variations of demping~-in-roll derivative Clp

with Mech mmber, aspect ratio, sweep angle, and taper ratio.
(Dashed portions of curves indicate subgonic leading edges.)

#TTS ML VOVN

Ly



5_ ‘\“ ’.',
BA ‘\l .'. BA
/0 \ N . /0
& I s e
56 4 R
Lm 2_ “\‘ "l 1: J,’ : 2
3= e N T
RN
‘\ n‘l :I :| :l 'I,
2 ‘\‘ \|‘:§!,r
/ W
|
} <A
O i L l | ¢ u
s -3 = o

L | | |
Q / 2 3 L
Bcot A

Figure 11l.- Illustrative comparison of BCIu for sweptback and swept-

forward wings for various values of aapect—rétio parameter. Taper

ratio, 0.5. Deshed partions of curves refer to wings with subsonic
trailing edges and have limited significance (see text).

=)

TS ML VOVN

—— ————— e ———



. s -

e e e e

918 - 09-10-§ - Stow-yavi

!
V) 2
2 VL
1 ot
_________ VYo
....... . SRS
e v :" ;
\\‘ ‘;! re L
_.2_ N Y B
. ]
A o
AT
b |l”'
Yoy ot
YUhd
[ M ]
WY
=/ vigf
\:'fl
Wiy

Bcotin

Flgure 12.- Illustratlive comparison of BCIP for sweptbeck and swept-

forwerd wings for various values of aepect-ratio parameter. Taper
ratic, 0.5. Dashed portions of curves refer to wings with subsonic
tredling edges and have limited significance (see text).
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